Considering a generalised action for Einstein Maxwell theory in four dimensions coupled to scalar and pseudo-scalar fields, the thermodynamic properties of asymptotically flat black holes solutions in such a background are investigated. Bekenstein-Hawking area-entropy law is verified for these class of black holes. From the property of specific heat, it is shown that such black holes can be stable for certain choice of the parameters like charge, mass and the scalar vacuum expectation value. The possibility of a black hole phase transition is discussed in this context.
Introduction
Theories of gravitation with background scalar and pseudo-scalar field have been studied extensively for a long time. In particular in string inspired models, the electromagnetic-dilaton coupled black hole solutions obtained by Garfinkle,Horowitz, Strominger initiated intense activities in these areas [1] . Among various properties of such black hole solutions , the study of their thermodynamic properties has always been an important area of research in the Physics of black holes.
String theory based-models contain two massless scalar fields, dilaton and axion, in the low energy effective action in four dimension. The axion ζ is connected via a duality transformation to the three form field strength H µνλ corresponding to the two form Kalb-Ramond antisymmtric tensor field B µν which appears as a massless closed string mode. While in the low energy action the dilaton and axion couple to the electromagnetic field in a specific way, a more generalised coupling with Einstein and Maxwell theory in four dimensions were proposed both for asymptotically flat and non-flat dilaton-axion black holes. The couplings in general depend on the vacuum expectation values of the various moduli of compactification. Using the duality symmetry in string theory it has been shown that starting from one particular spacetime solution with dilaton and axion one can generate inequivalent solutions for the spacetime as well as dilaton and axion. Corresponding black hole solutions have also been studied extensively [2, 3, 4, 5, 6, 7] . This prompted a parametric generalization of this coupling and treat them as independent parameters to study various generic scalar coupled black hole solutions [8] . It is worthwhile therefore to explore various thermodynamic properties of this class of black holes and verify the Bekenstein-Hawking area-entropy conjecture in this context. Moreover as the parameters a and b give us the relative strength of the scalar and pseudo scalar couplings, we propose to investigate in this work, how these couplings modify the thermodynamic properties of these black holes.
The generalized Einstein-Maxwell -dilaton-axion action is given as [8] ;
where a and b are coupling parameters of dilaton field ϕ and axion field ζ respectively with the Maxwell field tensor F µν and its dual * F µν . The corresponding black holes solutions and their thermodynamic properties are interesting areas of studies from the point of view of such generalized scalar coupling. It may be recalled that the thermodynamic properties of various black holes have been extensively investigated in different context [9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29, 30, 31, 32, 33, 34, 35, 36, 37, 38, 39, 40, 41, 42, 43, 44, 45, 46] . In this work we shall study the thermodynamic properties of the asymptotically flat dilaton-axion black holes as obtained from the above action [8] . After deriving the general expressions for the Hawking temperature and entropy for arbitrary value of a and b, we shall consider two different cases : |b| = |a|, which implies that the dilaton coupling parameter a and the axion coupling parameter b with electromagnetic field are equal, and |b| = |a| with b << 1 implying that the axion coupling is much weaker. Area-entropy law as well as first law of black hole mechanics are verified for these class of black holes. We shall further show that these two cases yield distinct results in terms of thermodynamic properties of black holes, indicating the different roles of the scalar and pseudo scalars in determining the thermodynamic properties. Our result brings out that with increase in axion coupling, the black hole may undergo second order phase transition.
Asymptotically Flat Dilaton-Axion Black hole
Considering above mentioned Einstein-Maxwell-Kalb-Ramond action for arbitrary coupling parameters a and b, static spherically symmetric black hole solution is given by [8] ,
where electromagnetic field components and black hole horizons are
where m is the mass of the black hole and k=1 for asymptotically flat case. For these class of black hole, the surface gravity κ can be easily obtained as,
This gives the the Hawking temperature T of the black hole as,
In order to determine the entropy, the expression of area A can be derived from,
For the above metric this yields,
To study further thermodynamic behaviour as well as phase transitions for such dilaton-axion black hole, we now consider the following special cases in respect to dilaton and axion coupling parameters a and b.
Case -I : a = b
This case corresponds to the solution when the dilaton and axion couples with equal strength with the Maxwell field. For asymptotically flat case we begin with this condition i.e. |a| = |b| .In this case black hole metric solution takes the form [8] ;
where parameters m 0 ,r 0 ,the black hole mass m total charge Q,electric charge Q e and magnetic charge Q m are related as:
m with ϕ 0 as the asymptotic value of the scalar field. These solutions represent black holes with it's horizon located at r = r + = 2m 0 .
Such solution clearly has a curvature singularity at r = 2r 0 .
The action for this spherically symmetric dilaton-axion black hole has the well-known form [24] 
where Q e is the electric charge with the corresponding potential Φ = Qee −aϕ 0 r+ .Substituting for r + and m the action becomes,
The thermodynamic potential W for the corresponding grand canonical ensemble is given as, W = E − T S − Q e Φ, where S and E are the entropy and energy of the black hole. From the expressions of the action we can find out thermodynamic quantities as follows [24, 30] :
The potential Φ has the well known form
r +
Using equation (5) this becomes,
The corresponding free energy
and the surface gravity
The Hawking temperature of the black hole is now easily determined as,
Now using [37, 45, 46 ]
one obtains
To verify the Bekenstein-Hawking [27] area-entropy law, the area A of the black hole can now be derived as,
Comparing with the expression of entropy above, we find that entropy S and area A are related by
This confirms the Bekenstein-Hawking area-entropy law for these new class of scalar coupled black holes. Substituting the expressions of r 0 and r + ,one can further write the entropy as,
From the above expressions of temperature,entropy and potential we immediately obtain,
where we have substituted . This reconfirms the first law of black hole thermodynamics in this context.
For static spherically symmetric black hole,using E = 2T S + QΦ,action I ac can be written as,
which is same as the expression of the entropy. This leads to I ac = S. Moreover thermodynamically black hole contribution to the energy is defined as,
We now look into the properties of the specific heat of such black holes. Using the well-known expression for the specific heat,
the specific heat in this case becomes,
We now analyse the above expression of specific heat for different regime in the parameter space. From the expression of entropy it follows that the entropy will be non-negative if 
the specific heat blows up while the temperature and the entropy continue to be finite. This signals a second order phase transition for such black holes. The phase transition therefore occurs when the charge to mass ratio of the black hole is related to the coupling parameter a and the scalar vacuum expectation value.
It is interesting to observe that when (a 2 +1)Q 2 e e −aϕ 0 4m 2 0 = 1, the temperature,entropy as well as the specific heat of the black hole becomes zero.
It may further be noted that for r 0 = 0 ,the expression of specific heat reduces to that for a Schwarzschild black hole as is expected.
Case -II : a = b
Extending our discussion for the asymptotically flat case, we now consider a different region in the parameter space of a and b for which |a| = |b| with a = 1 and b << 1. This implies that the axion coupling charge to the Maxwell field is much smaller than the dilaton coupling charge. The corresponding metric is given as, [8] ,
where
and event horizons are located at r ± = m ± m 2 + r 2 0 − (Q 2 e + Q 2 m )e −φ0 . In this case the action can be written as,
where potential Φ =
The corresponding grand canonical potential W can be obtained from the action as,
The free energy function F turns out to be,
From these the expression of entropy for this black hole can be obtained as
Calculation of horizon area A in this case yields,
Thus once again equations (24)and (25) confirms the Bekenstein-Hawking [27] area-entropy law for black hole mechanics. Substituting the expressions of r + and r 0 , the expression for entropy reduces to,
2m 2 )
Calculating the surface gravity,κ one finds,
From this the temperature of the black hole is found to be,
Combining all these together one arrives at the first law of black hole mechanics,
Similar to the Case I, energy of the black hole is E=m. Substituting the expression of β, m and ΦQ e , once again the action can be written in terms of entropy S as
Finally using the expression for specific heat as mentioned in CaseI, we find
The specific heat C J,Q for such black hole is therefore always negative. So this kind of black hole is never stable locally. Once again it is easy to see that for r 0 = 0 the expression for C J,Q reduces to that for a Schwarzschild black hole.
It is important to observe that in Case-II, we have considered the axion coupling parameter b to be very weak and much smaller than the dilaton coupling parameter a. Unlike Case-I, the black hole is never stable and no phase transition occurs in this case, at least classically. This establishes an interesting role of the pseudo scalar axion in determining the thermodynamic properties of black holes. Our result reveals that whenever the pseudo sclar coupling becomes as strong as the scalar coupling, the black hole can indeed go through second order phase transition and can therefore achieve local stability.
Conclusion
Various thermodynamic properties for a dilaton-axion coupled black hole solutions are determined for a more general class of their electromagnetic coupling parameters a and b. It is found that for different regions in the coupling parameter space, the thermodynamic properties are distinct. The BekensteinHawking area-entropy law as well as the first law of black hole thermodynamics have been verified for these class of scalar coupled black holes. This once again ensures the generality of the area-entropy law.
The issue of stability of such black holes have been examined. Analysing the properties of the specific heat it is shown that while for certain region in the coupling parameter space the black hole can be both stable and unstable depending on the value of it's mass to charge ratio and the scalar vacuum expectation value, for a different choice of couplings they are unstable irrespective of the value of it's charge or mass. Furthermore it has been shown that a certain relation between the mass-charge ratio and the scalar vacuum expectation value signals the occurrence of a second order phase transition. The constraint on the scalar coupling parameter a in such situation is determined. It is shown that in the region where axion coupling parameter is much smaller than the dilaton coupling parameter one find the specific heat of the black hole to be always negative. Such unstable black hole can become stable through a phase transition when the axion coupling parameter becomes larger and comparable to the dilaton coupling parameter . This clearly brings out the effects of scalar and pseudo scalar couplings on the thermodynamic properties of black holes. Our result reveals that even at the classical level, an appropriate choice of the axion coupling can result into a second order phase transition.
